THE RELATIVE EXTREMAL FUNCTION FOR BOREL 
SETS IN COMPLEX MANIFOLDS 



Armen Edigarian* and Ragnar Sigurdsson 

July 12, 2006 

Abstract 

We study a disc formula for the relative extremal function for Borel sets in complex 
manifolds. 

Keywords: Analytic disc, relative extremal function, pluriregular set, pluripolar set, Josef- 
son manifold, weakly regular domain. 

Subject Classification (2000): Primary 32U15. Secondary 32U10, 32U30. 

1 Introduction 

Let X be a complex manifold, PSH(X) be the class of all plurisubharmonic functions on X, 
and PSH~(X) be the subclass of all non-positive functions. For any subset A of X we define 

uj{-,A,X) = sup{n e PSH-(X) ; u\A < -1} = sup{u G PSH(X) ; u < -xa}, 

where XA denotes the characteristic function of the set A. The least upper semicontinuous 
majorant uj*{-,A,X) of uj{-,A,X) is plurisubharmonic and it is called the relative extremal 
function for A in X. 

Observe that if A is a Borel set, u £ PSH(X), u < -xa, x = /(O), where / E 0(B,X) n 
C(D,X), i.e., / is an analytic disc which extends to a continuous map from the closure D of 
the unit disc O to X, then the subaverage property of u implies 

n{x) < ^ n(/(e^^)) dO < ^ j\-y.^)(f(e'')) d9 = -a{f-\A) n T) = -af{A), 

where a denotes the normalized arc length measure on the unit circle T and the image 
measure (push-forward) of a under the map /. By taking supremum over all plurisubharmonic 
u < —XA and infimum over all / G 0(D, X) fl C(B, X), we get 

A, X) < n{x, A, X) = mi{-af{A) ; / G 0(D, X) n X), /(O) = x} 
= -sup{a/(A); /G 0(D,X)nC(l,X),/(O) = x}. 
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in the programme for promoting science in Poland in the years 2005-2008. The first author is a fellow of 
Krzyzanowski Fund at the Jagiellonian University. This work was also supported by the Research Fund at 
the University of Iceland. 
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In this paper we are mainly concerned with a possible converse of this inequality. If A 
is an open subset of X, then uj{-,A,X) = ^}{-,A,X). This is a special case of Poletsky's 
theorem which states that if ip is an upper semicontinuous function on X, then for every x 
in X 

sup{u{x); n G PSH(X),u <(/?} = inf{ [ ^ o f da ; f e 0(0, X), f{0) =x}. 

Jt 

See HH], HU, [131, and [Ej. Here 0(B,X) C 0{B,X) n C{n,X) denotes the set of aU 
closed analytic discs in X, i.e., analytic discs which extend to holomorphic maps in some 
neighbourhood of D. With —XA in the role of if we get u;(-, ^, X) = A, X) for every open 
set A. 

We say that the subset ^ of X is pluriregular at the point x E ^ if lu* (x, A, X) = — 1, 
we say that A is locally pluriregular at the point x in ^ if uj*{x, AriU,U) = —1 for every 
neighbourhood U of x, and finally we say that A is (locally) pluriregular if A is (locally) 
pluriregular at each of its points. Note that if A is locally pluriregular, then A is pluriregular 
and that if A is pluriregular, then lv(-,A,X) = uj*(-,A,X). Our main result of Section 2 is 
that if A is a locally pluriregular subset of X, then Q(-,A,X) < uj(-,A,X). (See Th. 12.11 ) 
This is a generalization of Th. 7.2 in Poletsky jl3j . 

Let be a subset of a complex manifold X. We say that E is pluripolar or locally pluripolar 
if for any a £ E there exists a neighbourhood U of a in X and u £ PSII(C/), u ^ — cxd, such 
that E nU C {x £ U ; u(x) = —oo}. We say that E C X is globally pluripolar if there exists 
u G PSH(X), u ^ — oo, with E C {x G X; u(x) = — oo}. Note that any globally pluripolar set 
is locally pluripolar. Josefson [S] proved that in C" every pluripolar set is globally pluripolar. 
We say that a complex manifold X is a Josefson manifold if any locally pluripolar set is 
globally pluripolar. Bedford (31 has generalized Josefson's theorem to a certain class of 
complex spaces including Stein manifolds. He also showed that examples, originally given by 
Grauert [21, of complex manifolds which possess no non-constant holomorphic functions are 
Josefson manifolds. 

In Section 3 we prove that if X is a relatively compact domain in a Josefson manifold and 
A is a Borel subset of X, then Q(-,A,X) < uj*(-,A,X). (See Th. 3.1.) The main result of 
Section 3 is that a Josefson manifold X has the property that every bounded plurisubharmonic 
function on X is constant if and only if for every p £ X, every non-pluripolar Borel subset A 
of X, and every e > there exists / G 0(B, X) n C(B, X) such that /(O) = p and 

af(A) = a(f'\A)nT)>l-e. 

(See Th. 13.31 ') As a consequence we get a characterization of pluripolar sets in terms of 
analytic discs. 

In Section 4 we look at Borel subsets A of the boundary dD of a relatively compact domain 
in a complex manifold X. We define the relative extremal function for an open subset U of 
the boundary as uj(-,U,D) = u-^^^d, where is the Perron-Bremermann envelope of 
the boundary function /, and for any subset A of dD we define u!(-,A,D) as the supremum 
over all u;(-, U, D) for U open containing A. We call the domain weakly regular if the upper 
semicontinuous extension u*_^^ of U-y-^^o to the closure D is less than or equal to —xu 
on dD. For any Borel subset A of dD we define n(x,A,D) as the infimum over —af(A) for 
/ G 0(B,D) n C(p,'D) with /(O) = x. We prove (see Th. 4.3) that for a weakly regular 
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domain D and every open subset U of dD we have a;(-, U, D) = U, D) and (see Th. 4.10) 
uj{-,'A,D) < Q.{-,'A,D) < uj*{-,A,D), if ^ is a Borel subset of the form A = AiUE, where 
Ai is locally pluriregular with respect to D and E is such that there exists u £ PSH^(L'), 
u ^ — oo, and u*\e = — oo. It remains an open question if the last result holds for every Borel 
set A. 

2 Construction of analytic discs 

We have already seen that for every manifold X and every Borel subset A of X we have 
Lo{-,A,X) < Q{-,A,X) and that Poletsky's theorem implies that equality holds if A is open. 

Theorem 2.1 Let X he a complex manifold and A be any locally pluriregular subset of X. 
Then n{-, A, X) < uj{-,A, X), in particular, i}{-,A, X) = uj{-,A, X) if A is also closed. 

The main argument of the proof consists of an approximation of analytic discs and it 
appears a few times in this paper. We therefore state it as a separate result. A similar result 
for domains in C"" and, more generally, for domains in Banach spaces is proved by Poletsky in 
|14j . Our proof uses the existence of Stein neighbourhoods of certain sets which was proved 
by Rosay ^H] • For a simplification of his arguments and further development see jB] and . 

If X is a complex manifold and d : X x X ^ [0, +oo) is a continuous function vanishing 
on the diagonal, i.e., d{x,x) = for all x £ X, then for any subset A of X we define the 
diameter of A with respect to d as sup{d(x,y) ; x,y £ A}. In the proof of Theorem 12. II we 
will take d as a complete hermitian metric defining the topology of X. 

Theorem 2.2 Let X be a complex manifold, d : X x X ^ [0, +oo) be a continuous function 
vanishing on the diagonal, S > 0, and {Bj} be a countable family of open subsets in X of 
diameter less than 6 with respect to d. Assume that U and V are open subsets of X and 

V C Uj{x E Bj ; uj{x, U D Bj, Bj) < -a}, 

where a G (0, 1). Let h G 0(D,X) and assume that A C h^^{V) n T is a non-empty open 
set. Then for every e £ (0, 1) there exist g £ 0(D, X) and an open set A C A such that 

(1) g{0) = h{0), 

(2) d{g,h) = sup ^^^d{g{z),h{z)) <6 + e, 

(3) cj(A) > (1 - e)aa{A), and 

(4) g{A) C U. 

Proof: For r > we let Dr be the open disc in C with radius r and centre at the origin and 
we assume that h £ 0{Ds,X) for some s > 1. Fix Aq C A a union of closed arcs such that 
a(Ao)>(l-eMA). 

Take wq £ A. Then xq = h{wo) £ V, so there exists a jo such that xq £ Bj^^ and 
uj{xo,U nSjfp-Bjf,) < — o. Since U is open, Poletsky's theorem implies that there exists 
/o £ 0{B,Bj^) such that /o(0) = xq and (7fg{U) > a. Let Iq C f^^iU) n T be a union 
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of finite number of closed arcs such that ^(/o) > a. By Lemma 2.3 in jlUj . there exists 
an open neighbourhood Vq of xq = /o(0) in X, r > 1, and / G 0{Dr x Vo,Bj^) such that 
f{z,xo) = fo{z) for all z £ Dj. and /(O, x) = x for all x G Vq- By choosing r > 1 sufficiently 
small and shrinking the neighbourhood Vq of xq, we may assume that f{z,x) S [/ for all 
z G Iq and x G Vq- We set Fq{z, w) = f(z, h{w)) and note that Fq is defined on Dr x h~^{Vo) 
and that /i~^(Vb) is a neighbourhood of tt;o- 

We apply a compactness argument on Aq and conclude that we may find: 

• Open discs Ui, . . . , Um centred on T with mutually disjoint closures such that C/j n T C A 

and a{{Ui U ■ ■ ■ UUm) r\T) > {I - e)a{I^). 

• rj > 1, j = 1, . . . ,m, and holomorphic maps Fj : Df^ x Uj — > -B^^^) with (0, w) = h{w) 

for all w £ Uj. 

• Finite unions Ij, j = 1, . . . ,m, oi closed arcs on T with a{Ij) > a and Fj(z, w) & U for all 

z £ Ij and w £ Uj. 

Take closed arcs Ji, . . . , Jm in T such that Jj C UjHT and a{Ji U • • • U Jm) > (1 — ^)<7(^)- 

Let 



Kj = {{w, z, 0, 0, Fj [z, w));we Jj, z eB} C x X, j = l,...,m. 

By the proof of Th. 1.2 in [TT] . there exists a Stein neighbourhood Z of KqU KiU ■ ■ -UKm 
in X X. Let r : Z — > be an embedding, x -.W ^ be a holomorphic retraction 
from a Stein neighbourhood of t{Z) in C''^, and (/9 = pr o r^^ o x : W ^ X he. the 
holomorphic submersion, where pr : C'* x X ^ X is the projection. 

We let p : T ^ [0, 1] be a C°° function such that p = on T \ (Uj J,) and p = 1 on 
a subset of U^Jj such that (T({it; G T; p{w) = 1}) > (1 — e)cr(A). We define a C°° map 
F ■ D,xT ^ Xhy 



Since Z is a neighbourhood of Kq U • • • U we can replace s > 1 by a smaller number 
and can define F : Dg x T ^ W by F{z,w) = t(w, z, 0,0, F{z,w)) and h : Dg ^ W hy 
h{w) = t{w,0, 0,0, h{w)). We note that F{0,w) = h{w) for all w ^T. 

In exactly the same way as in the proof of Lemma 2.6 in ^0] we construct a sequence 
Fj G 0{Ds X Aj, W), j > jo, where Aj is an open annulus containing T, such that 

• Fj ^ F uniformly on x T as j — > oo, 

• there is an integer kj > j such that for all k > kj the map Fj{zw^ ,w) can be extended to 

a map Gj G &{Dsj x Dsj,W), where Sj G (l,s), and 

• Gj{0,w) = h{w) for all w G Dsj. 



Kq = {{w, 0, 0, 0, h{w)) ; w G D} C C X X 



and 




w G Jj, j = l,...,m, 
w Uj Jj . 



4 



We need to estimate sup^^jSup^^^d{ip{Fj(z,w)), h(w)). Since Fj — > F uniformly on 
ID) X T as j — oo and ip{F) = F we have 

sup d{(p{Fj{z,w)),h{w)) ^ sup d{F{z,w),h{w)), j ^ oo. 

We have sup^^j^d{F{z,w), h^w)) = for ah w G T\ {UjJj) and since Fj takes values in B^j-^, 
we have sup ^^^d{F{z,w),h{w)) < 6 for all w E Jj. Hence 



limsup sup d{(f{Fj{z,w)),h{w)) 



< S. 



Take j > jo so that sup ^^^^^r^d{ip{Fj{z,w)),h{w)) < 6 + e/2. There exists t G (0,1) 
such that sup^gg^gjj ^ d{ip{Fj{z, w)), h{'w)) < 6 + e. Note that 

sup d(ip{Fj{zw'',w)),h{w)) ^ 

z&,\w\<t 

as A; GO, so for sufficiently large k we have 

sup d{i~p{Fj{zw^ ,w)),h{w)) <6 + e. 

We set G{z,w) = ip{Fj{zw'' ,w)). Then G G 0(D^X) and G{0,w) = h{w) for all w G B. 

Put C = X Jj), where Jj = {w & Jj ; p{w) = 1}. If (T2 = o" x cr is the product 

measure on the torus T^, then 

C72(C) = Y,a2{Ij X Jj) = Y,^{Ij)a{Jj) > a(l - s)a{A). 
j j 

The map B {z,w) {zw^ ,w) G is an automorphism with the absolute value of the 
Jacobian equal to 1. Therefore the measure of the set G = {{z,w) G ; [zw^ ,w) G C} is 
equal to (T2(C). By Fubini's theorem there is a G [0, 27r) such that cr{G') > a2{C), where 
C = {weT; w) G C}. _ _ 

Now we finally define g{w) = G{e^^w,w) for li; G D and A = g~^{U) n A. Then (1) and 
(4) are obvious and (2) holds because 

d{g,h) < sup d{G{z,w),h{w)) <S + e. 

z,w€B 

For proving (3) we take w C' and observe that {e^^w,w) G C and therefore {e^^w ■ w^, w) G 
G. This implies that e^^w'''^^ G Ij, w G Jj for some j, and consequently g{w) G U. Hence 
G' CA and 

a{A) > a{G') > ct2(C) > (1 - e)aa{A). 

□ 



5 



Proof of Th. \2.1l Let xq £ X. It is sufficient to prove that if a G (0, 1) and a;(xo, A, X) < —a, 
then r2(xo, A, X) < —a. This inequahty will in turn follow if we prove that for every e £ (0, 1) 
there exists h G 0(D,X) n C(B,X) such that h{0) = xq and ah(A) > (1 - e)a. 

We take \ such that nm(-'- ~ ^m) — \/l ~ For every m we find a covering {BJ^} 
of X by countably many balls of diameter less tlian and set 

Um = Uj{x G ; io*ix, A n , ) < -1 + Sm}. 

Since A is locally pluriregular, Um is a neighbourhood of A and the inequality 

a;(-, A n , ) > n , ) 

implies 

C/m C Uj{x e ; c^(x, Um+i n , 5f ) < -1 + Sm}. 
Since A is locally pluriregular and Ui is an open neighbourhood of A we have 

-a > LO*{xo,A,X) > uj{xo,Ui,X) = Q{xo,Ui,X) 

and there exists hi e 0{O,X) such that /ii(0) = xq and crfi^{Ui) > a. We set Ai = 
h^^{Ui) n T and observe that by the definition of the measure at^ we have o"(Ai) > a. We 
apply Th. 12.21 and get inductively a sequence /i^ in 0(B, X) and a decreasing sequence 
of open subsets of T such that hm{0) = xq, hm{^m) C Um, cr^Am+i) > (1 — em)^f (A^), and 

; hm) ^ '^^m- 

The last condition implies that hm converges uniformly on D to some h G 0(D,X) H 
C(D,X). We set A = PlmAm- Since hmi^m) C C/m and the points of Um are at a distance 
less than or equal to Em from A, we have /i(A) C A and since (T(Am+i) > (1 — em)^o'(Am) 
we get 

(7^(:4) > a{A) > J](l - e,„)V(Ai) > (1 - e)a. 

m 

□ 

3 Characterization of pluripolar sets 

Let X be a complex manifold. We say that X is a Josefson manifold if any locally pluripolar 
subset of X is globally pluripolar. Note that any domain in a Josefson manifold is a Josefson 
manifold. In particular, any domain in C"" is a Josefson manifold. As a direct consequence 
of Th.EUwe get (cf. Cor. 7.2 in _13J 

Theorem 3.1 Let X be a relatively compact domain in a Josefson manifold and A be a 
Borel subset ofX. Then n{-,A,X) < uj*{-,A,X). 

Before we prove the theorem we prove the following auxiliary result. 

Lemma 3.2 [See Th. 8.3 in j4j or Th. 7.3 in ^Sl)]- Let ^ be a Borel probability measure 
which is zero on every pluripolar set. Then the set function c = c^ defined by 

c{A)=c^{A) = - f Lo*{-,A,X)diJi, A^X, 
Jx 

is a Choquet capacity, i.e., 
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(1) c{Ai)<c{A2) ifAiCA2; 



(2) c{K) = limj_^oo c{Kj), where Ki D K2 D ■ ■ ■ D K are compact sets and K = CijKj; 

(3) c{A) = linij^oo c{Aj), where Ai C A2 C ■ ■ ■ C A are arbitrary sets and A = UAj. 
Proof: Since io*{-, A, X) = uj{-, A, X) on X \ P for some pluripolar set P, we have 

c{A)=Cf,{A) = - [ uj{-,A,X)dfi, AcX. 
Jx 

Since —uj{-,Ai,X) < —lj{-,A2,X) if Ai C A2, (1) holds. For proving (2) we first observe 
that (1) imphes c{K) < hmj_^oo c{Kj). If {VfcjfcgN is a decreasing basis of neighbourhoods of 
K, then uj{x,Vk, X) increases to uj{x, K, X) and the monotone convergence theorem imphes 
that hmjt_^oo c(T4) = c{K). For every A; > 1 there exists a such that Kj C for all j > jk, 
so 

lim c{Kj) < lim c(Vfc) = c{K). 

J— >oo fc— >oo 

Note that (3) is clear for open sets. Fix e > and put Vj = {x £ X : u!*{x, Aj,X) < —1 + e} 
and V = ^jVj. Then c{Vj) — > c{V). Note that Vj D Aj \ Pj, where Pj is a pluripolar set. 
Hence, V D A \ P, where P = ^jPj- The set P is pluripolar, so ciV) > c{A). 

We have Lo{-,Vj,X) > uj*{-, Aj, X)/{1 - e) and, therefore, c{Vj) < c{Aj)/{l - e). Hence, 

c{A) < lim c{Aj). 

Since e > is arbitrary, this proves (3). □ 

Proof of Th. 1^. il If A is pluripolar, then there exists u E PSH^(X) such that u ^ —00 and 
A C {u = —00}. This implies that uj*{-, A, X) = and the inequality holds. 

From now on we assume that A is non-pluripolar. Let us first take A compact. It is 
sufficient to show that A can be written as A = AiL) Ei, where Ai is locally pluriregular and 
El C {u = —00} for some u S PSH~(X), u ^ —00. Indeed, then Theorem 12. II gives 

uj*{;A,X) =u:*{;Ai,X)>n{;Ai,X)>n{-,A,X). 

In order to prove that A = Ai U Ei, we choose a countable dense subset {ok} of A and set 

El = |J|J{x G An5d(afc,l/m); uj*{x,An Bd{ak,l/m),Bd{ak,l/m)) > -1} 

k m 

where Bd{a,r) denotes the ball with centre a and radius r with respect to a complete her- 
mitian metric d defining the topology of X. Note that Ei is locally pluripolar and therefore 
by assumption globally pluripolar. Moreover, since X is relatively compact in a Josefson 
manifold, we can find u E PSH~(X) so that Ei d {u = —00}. Now we put Ai = A \ Ei. 
Then Ai is locally pluriregular, for if x G ^1 and C/ is a neighbourhood of x, then there exists 
a ball Bd{x, 1/m) C U and ak € Bd{x, l/2m) such that Bd{ak, l/2m) C Bd{x, 1/m) and we 
get 

-1 < Lj*{x,Ar\U,U) < L0*{x,AnBdiak,l/2m),Bdiak,l/'^rn)) = -1. 
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Now we let A be any Borel subset of X. We fix xq £ X and are going to show that 

n{xo,A,X) < LO*{xo,A,X). 

It suffices to show that there exists a sequence of compact sets Ki C K2 C • • • C j4 so that 

uj*{xo,Kj,X) ^ u;*{xo,A,X), j ^ 00. 

Let us construct a probability measure on X which is zero on every pluripolar set. Fix a 
covering {Uj} of X so that {Uj^il)^) is a holomorphic chart and ipj{Uj) C C™ is a bounded 
domain. (We assume that X is m-dimensional.) For any Borel set A we put 



00 



where \m is the Lebesgue measure in C™. It is easy to see that /i is a probability measure 
on X. Moreover, for any pluripolar set P we have ^{P) = 0. 

By Lemma |SI21c^ is a Choquet capacity. The Choquet capacitability theorem states that 

c^{A) = sup{c^(i^) ] K <Z A\s compact} 

for all Borel subsets A of X. Hence, for a fixed Borel set A there exists a sequence Ki C K2 C 
••• C j4 of compact sets such that c^{Kj) — > c^{A). It is easy to see that lo*{-, Kj, X) 
uj*{-,A,X). □ 

The equivalence of (1) and (3) in the following theorem is well known and it indeed holds 
on every manifold. See Edigarian j^l and Rosay 15^. Using the theorem above we are able 
to refine this result. 

Theorem 3.3 Let X he a Josefson manifold. Then the following conditions are equivalent 

(1 ) Any bounded plurisubharmonic function on X is constant. 

(2) For every p € X, every nonpluripolar Borel subset A of X , and every e > there exists 

f G 0(B, X) n C(B, X) such that /(O) = p and 

afiA)=aif-\A)nT) >l-e. 

(3) For every p £ X , every nonempty open subset U of X , and every e > there exists 

f G 0(B, X) n C(l, X) such that /(O) = p and 

af{U) >l-e. 

Proof: The proof that (2) implies (3) is trivial. In order to prove that (3) implies (1), 
we let be a negative plurisubharmonic function on X. Assume that u is non-constant. 
Then there exist xi,X2 G X such that u{xi) < u{x2). Take an a G {u{x\),u{x2)) . Put 
U = {x £ X ; u{x) < a}. Then U is an open set and xi G U. By (3) we have ri(-, U, X) = —1. 
Since -1 < uj{-,U,X) < n{-,U,X), we have uj{-,U,X) = -1. But ^^u{-) < iu{-,U,X), which 
implies u{x2) < a, a contradiction. 
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In order to prove that (1) implies (2), we take a sequence of subdomains Xi d X2 (s 
• • • (s X such that U^]^X„ = X. There exists a compact set K C A such that K is 
nonpluripolar. Without loss of generality we may assume that K C Xi. For any n > 1 we 
have by Theorem 13. II that 

i}{;K,Xn) <Un=u;*{-,K,Xn) On X„. 

There exists xi £ K such that ui{xi) = —1. Note that the sequence {n„} is decreasing. Put 
u = limii„ G PSH(X). Hence n is a constant, u{xi) = —1, so u = —1. 

Fix a p X and e > 0. Then ^l{p, K, X„) —1 as n — > cxd, so there exists n G N such 
that 

n{p, F, X„) < K, Xn) <-! + £. 

□ 

Observe that if n G PSH(X) is such that E <^ {x e X ; u{x) = -00} = E, x e X \ E, 
and / G 0(B, X) n C(B, X) with /(O) = x, then 

— 00 < u(x) < / uofda, 
Jt 

and we conclude that (Tf{E) = 0"({t G T ; u{f{t)) = —00}) = 0. Hence we have 

Theorem 3.4 Let X he a complex manifold and let E be a globally pluripolar subset. 
Then there exists a globally pluripolar E ^ E such that for every x E X \ E and every 
f G 0(D, X) n C(l, X) with /(O) = x we have af{E) = 0. 

As a direct consequence of Theorems 13.31 and 13.41 we get a characterization of pluripolar 
sets by analytic discs. 

Corollary 3.5 Let X be a Josefson manifold and assume that every bounded plurisubhar- 
monic function on X is constant. Let E be a Borel subset in X. Then E is pluripolar if and 
only if 

{xeX;3f e 0{B, X) n C{B, X), /(O) = X, af{E) >0}^X. 
Observe that even in C" this corollary gives a new characterization of pluripolar sets. 

4 Analytic discs with images in boundaries of domains 

Let X be a complex manifold and let -D C X be a domain. If u G PSH(D), then we extend 
u to an upper semicontinuous function u* on the closure D by the formula 

u*{x) = limsupu(y), x G dD. 

For every bounded function / : dD M the function 

Uf^D = sup{v G PSH(Z)) ; v*\9d < /} 
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is called the Perron- Bremermann envelope oi f on D. We say that D is weakly regular if for 
every relatively open subset U of dD we have 

u*-^jj,D < -XU on dD, 

where xu is the characteristic function of U. We put uj{-,U,D) = u^^^^d. Note that 
uj{-, U, D) is a maximal plurisubharmonic function on D and U, D) < —xu on dD, if D 
is weakly regular. 

We say that D is locally weakly regular if for any x G dD there exists a neighbourhood 
basis {Vj}'^^ of X in X such that D r\Vj is weakly regular for all j. 

Note that every locally weakly regular domain is weakly regular. Indeed, for any Di C D2 
and any open subset Uj of dDj such that Ui C U2 we have 

Proposition 4.1 (cf. [2j). Any bounded domain D in C" which is regular for the Dirichet 
problem ( as a domain in M?"^) for the Laplace operator is locally weakly regular. In particular, 
any hyperconvex domain is locally weakly regular. 

Proof: The intersection of two Dirichlet regular domains is Dirichlet regular, so it is enough 
to show that D is weakly regular. For a Dirichlet regular domain it is well-known that for 
any / G C{dD) we have u*j j-^ < / on dD. Since —xu is upper semicontinuous on dD it is 
sufficient to show that n^^, < / on dD for any upper semicontinuous function /. Let fj be 
a sequence of continuous functions decreasing to /. Then u*^ < u*^, < fj on dD. We let 
j — > 00 and get u*j < f. □ 

For any subset A C dD we put 

Lo{x, A, D) = sup{a;(x, U,D) ; U is open and A C U C dD}, x & D, 

and 

n{x,A,D) = -sup{f7/(A); f e0{B,D)nC(B,D),f{O) =x}, x e D. 

We have a natural inequality between u!{-,A,D) and ^}{-,A,D) as in the case when A is 
in the interior of D. 



Lemma 4.2 Let X be a complex manifold, D <Z X be a weakly regular domain and A C dD 
beaBorelset. Then uj{-. A, D) <n{-,A,D). 

Proof: Let x £ D. If [/ is an open set in dD such that A C U C dD, and / G 0(1}, D) n 
C(D, D) such that /(O) = x, then for u = uj{-, U, D) we have 

u{x) < / u o f da < / u o f da < —a f{A). 

Jt J/-i(A)nT 

If we take supremum over U in the left-hand side and infimum over / in the right-hand side, 
then the inequality follows. □ 

Now we will give a new proof of an improved version of Lemma 9.1 in Poletsky jl3j . 
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Theorem 4.3 Let X be a complex manifold, D he a relative compact weakly regular domain 
in X, and U C dD be an open set. Then uj{-, U, D) = U, D). 

The proof is in several steps each of which we state as a lemma. 

Lemma 4.4 Assume that Ui C U2 C ■ ■ ■ C dD are open sets. Put U = ^jUj. Then 

lim Lu{x, Uj, D) = uj{x, U, D), x £ D. 

Proof: Put u{x) = limj^oo^i-c, Uj, D) for x €z D. Note that the sequence is decreasing, so 
u G PSH(D) and u > uj{-, U, D). On the other hand, u* < uj*{-, Uj,D) < -xu, on dD for ah 
j > 1, so u* < —xu on dD and u < u!{-, U,D). □ 

Lemma 4.5 For every xq £ U and e > there exists r > such that 

B{xo,r) nDc{xeD; uj{x, U, D) < -1 + e}. 

Proof: Assume that for any n G N there exists Xn G B{xq, ^) D D such that uj{xn, U, D) > 
-1 + e. Then Xn —>■ xq and uj*{xo,U,D) > -1 + e. But ll!*{-,U,D) < -xu on dD, a 
contradiction. □ 

Lemma 4.6 Assume that V C D is an open set such that for any xq £ U there exists an 
r > with B{xo,r)nD C V. Then uj{-,V,D) < u;{-,U,D). 

Proof: We have uj*{-, V, D) < -xu on dD. Hence, V, D) < uj{-, U, D) on D. □ 
Lemma 4.7 We have VL{-,U,D) < uj{-,U,D). 

Proof: Fix xq £ D and e > and take a > uj{xq,U, D). Let > be a sequence such 
that Em \ 0. Assume that {Bj^}j is a countable covering of U with balls of radii < £m and 
centres in U for any m > 1. Put 

Um = Ujlx £Dr\Bf; uj{x, U D Bf,D r\Bf)<-l+ e^}. 

Let us show that 

C Uj{x £Dr\Bf; uj{x, Um+i D 5f , D D Bf) < -1 + e^}. 
For this, it suffices to show that 

uj{-, Um+i n BJ", D n 5f ) < uj{-, u n sf, DnB]") on D n 5f , 

for any m>l. It follows from Lemmas 14.51 and 14.61 

We have uj{xo, U, D) > uj{xq, Ui, D). So, there exists an /i G 0(D, D) such that /i(0) = xq 
and > Put Ai = fi^{Ui) H T. Now we construct inductively A^) as in the 

proof of Theorem 12 . 1 1 and get the analytic disc / as its limit. □ 
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Proof of Theorem \4-^ ' By Lemma 4.2, we have uj{-,U,D) < ^}{-,U, D). Take open sets 
Ui U2 U such that U = UjLiUj. According to Lemma K7\ we have U, D) < 

uj(-, Um,D) on D for any m > 1. Take m — > 00 and get U, D) < uj{-, U, D) on D. □ 

We let X be a complex manifold, D be a relatively compact weakly regular domain in X, 
and A C dD be a Borel set. Note that, in general, it is not true that {z £ A; lo*{z, K, D) > 
— 1} is pluripolar. 

Example 4.8 Let X C T be a non-polar compact set of measure zero (take for example a 
Cantor-type set on the unit circle). Then D) is given as a Poisson integral over the 

set K which is of measure zero and therefore X, ID) = 0. 

Nevertheless we have the following result, which is stated in Sadullaev fTBI, Theorem 27.3. 

Lemma 4.9 Let A C dD he a compact set. Then uj*{-, A,D) =0 if and only if there exists 
a u £ PSH^(Z)), u ^ —00, such that u*\a = —00. 

Proof: If io*{-,A, D) = 0, then there exists xq G D such that uj{xq, A, D) = 0. By the defini- 
tion of u;(-, A, L>), there exists a sequence of open sets ?7„ D A on dD so that w(xo, Un,D) > 
-2-". Now put u = Y.n^{-,Un,D). Then u G PSH(L>), u{xq) > -1, and u*\a = -00. 

If, on the other hand, there exists a function u € PSII(D) such that u*\a = —00, then we 
consider the neighbourhoods Un = {u* < —n} f] dD of A. Then 

ZL 

-<Uj{;Un,D)<Uj{;A,D). 

n 

So, LL'(-,yl, = on the set {u 7^ — cxd}. □ 

We say that a set A C dD is locally pluriregular at xq € A with respect to D if there exists 
a sequence rj \ such that w*(xo, B{xo, rj) n A, B{xo,rj) n D) = — 1 for any j > I. 

Theorem 4.10 Let A C dD be a Borel set. Assume that A = AiU E, where Ai is locally 
pluriregular with respect to D and E is such that there exists a n G PSII~(Z?), u ^ —00, 
with u*\e = —00. Then 

u;{x,A,D) <n{x,A,D) <uj*{x,A,D) x e D. 

Proof: Note that uj*{-,A,D) = uj*{-,Ai,D) on D. Fix xq e D and a > uj*{xo,A,D). Let 
Em > be a sequence such that \ 0. Assume that is a countable covering of Ai 

with balls of radii < £m and centres in Ai for any m > 1. Put 

= Uj{x eDnBj'; uj*{x, Ai n Bf, D n Bf) < -1 + 

Let us show that 

C Uj{x GDnBJ'; lo{x, U^+i n , D n S™) < -1 + e^}. 
For this, it suffices to show that 

Um+i n 5f , D n sf) < oj*{-, Ai n 5f , D n 5f ) on D n , 
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for any m > 1. 

We have cj*(xo, Ai,D) > io{xo, Ui,D). So, there exists an /i G 0(D, D) such that /i(0) = 
xo and crj^(C/i) > \a\. Put Ai = fi^{Ui) Pi T. Now we construct mductively {fm,^m) as in 
the proof of Theorem 12.11 and get the analytic disc / as its Hmit. □ 

Question 4.11 Is Theorem 14. 101 true for any Borel subset A of dD? 
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